Group properties of hydrostatic model equations of a layer motion in an ideal fluid on a function defining the free surface and the thickness of the fluid layer under the free boundary are studied. Examples of several exact solutions in Cartesian and cylindrical coordinates are given, they determine the free surface and the pressure on it.
Problem statement. Basic equations
Consider equations of motion for an ideal incompressible fluid in a gravitational field u t + uu x + vu y + wu z + 1 ρ p x = 0, v t + uv x + vv y + wv z + 1 ρ p y = 0, w t + uw x + vw y + ww z + 1 ρ p z = −g, u x + v y + w z = 0.
Here u, v, w are components of the velocity vector; the pressure p is the function of the variables x, y, z and of time t; the fluid density ρ is constant (we can take ρ = 1); g = const > 0 is the acceleration of the force of gravity which acts in the negative direction of the z axis. Let us assume that pressure in the fluid depends linearly on the depth
This assumption is often used to describe processes in oceanography [1] . Then p(x, y, z, t) = −gz + q(x, y, t),
where q(x, y, z) is a new function. In this situation the system (1) is rewritten in the following form u t + uu x + vu y + wu z + q x = 0, v t + uv x + vv y + wv z + q y = 0, w t + uw x + vw y + ww z = 0, u x + v y + w z = 0.
Let z = η(x, y, t) be the equation of the free boundary on which the dynamic and kinematic conditions are fulfilled p(x, y, η(x, y, t), t) = p a (x, y, t);
η t + u(x, y, η(x, y, t), t)η x + v(x, y, η(x, y, t), t)η y = w(x, y, η(x, y, t), t),
where p a (x, y, t) is the atmospheric pressure. From formula (3) taking into consideration the condition (5) on the free surface we find that p a (x, y, t) = −gη(x, y, t) + q(x, y, t).
Equation (7) determines uniquely the free surface via the function q(x, y, t) that can be derived from the system (4).
Sometimes it is convenient to solve the equations in cylindrical coordinates. Let us rewrite the system (4) using the variables (r, θ, z)
Here (ū,v,w) are the components of the radial, azimuthal, and axial velocity dependent on (r, θ, z, t); the function q from formula (3) depends on (r, θ, t). Along with equations (4) an approximate model is also considered, which describes the motion of the fluid as z → εz, w → εw. In the limit, as ε → 0, the system (4) assumes the following form u t + uu x + vu y + wu z + q x = 0, v t + uv x + vv y + wv z + q y = 0,
We perform the group analysis for systems of equations (4) and (9), find the Lie algebra of admissible operators of these systems and construct exact solutions.
Group properties of the equations
Study the group properties of equations (4). We introduce the following index notation
In this notation equations (4), being supplemented by the requirement q z = 0, assume the following form
The lower index is the differentiation. We find an admissible operator for the system (9) in the form
Here the summation is over i, k = 1, 2, 3, 4. The operator prolongs to the first derivatives
From the invariance criterion [2] , acting by operator X 1 onto equations (10), we get the defining equations. Passing to the manifold (10) we replace u with the remaining variables. Splitting the defining equations with respect to the independent variables, we obtain the coordinates of the operator X
where C 1 , . . . , C 6 are constant, f 1 (x 4 ), f 2 (x 4 ), h(x 4 ) are arbitrary functions. Assuming successively the constants and functions to be non-zero, we find the basis of admissible operators. In Cartesian coordinates the basis of operators for the system (4) is as follows
The first two operators are responsible for dilatation transformations, the third one for rotation in the plane (x; y), the fourth and fifth operators for the Galilean transformation and translation along the axis z, the sixth for translation along the t-axis. The last three operators contain three arbitrary time-dependent functions and define an infinite-dimensional part of the Lie algebra of the admissible operators. A similar group analysis was performed for the equations with the long wave approximation in [3] . The model equations were considered in modified variables that take into account the depth of the fluid layer.
In cylindrical coordinates the operators (11) can be written down as follows
Calculations show that the Lie algebra of the approximate model (9) is
where f (x, y, t), f 1 (t), f 2 (t), h(t), ϕ(t) are arbitrary functions. In the stationary case when the functions do not depend on time the Lie algebra of admissible operators for equations (9) has the form ∂ x , ∂ y , ∂ q , z∂ z + w∂ w , u∂ u + v∂ v + w∂ w + 2q∂ q , x∂ x + y∂ y − w∂ w ,
3. Exact solutions Example 1. Let us find a solution to (9) for the operators Y 5 , Y 7 from the basis (13) with f = f (x, t), f 2 ≡ 1. The invariants of the operators are {x, t, u, v, q, wf (x, t) − (uf
Hence an invariant solution should be of the form
The system of equations (9) transforms into the factor system
The last equation is integrated to give
with an arbitrary function ϕ(t). The functions V (x, t) and Q(x, t) are determined from the first two equations of the system (15). Suppose that f = f (x) does not depend on time t, in which case we get the following solution of equations
with arbitrary functions Φ(t), F (x) and f (x) = F ′ (x); functions V and W are arbitrary as well. From equation (7) we derive the function that defines the free boundary
on which the kinematic condition (6) is met
Substitute the relations (16) and (17) into (18) to obtain a condition for p a (x, y, t)
The function W (x, t) is arbitrary, this implies that we may equate the right hand side of (19) to zero. Then the equation (19) can be integrated with respect to p a to give
with an arbitrary function P of two arguments.
Example 2. Let us find a solution to the system of equations (8) for the operators X 3 ,X 4 from the basis (12). The invariants of the operators are {r, t,ū,v,w − z/t, q }, so the invariant solution should be of the form (ū,v,w, q) = U (r, t), V (r, t), z t + W (r, t), q(r, t) .
The system of equations (8) transforms into the factor system
The equations (20) are integrated starting from the last equation,
where ϕ(t), ψ(t), F (λ), G(λ) are arbitrary functions, λ = tr 2 − 2 t ϕ(t) dt. The kinematic condition (6) in cylindrical coordinates has the form
From equation (7) in cylindrical coordinates we find p a (r, θ, t) = q(r, θ, t) − gη(r, θ, t).
Suppose that η = η(r, t), ∂η/∂θ = 0. By substituting (21) into (22), we get a solution η(r, t) = tH(λ) − G(λ) with an arbitrary function H(λ). From (23) we derive the external pressure on the free surface p a (r, t) = q(r, t) − gη(r, t) = − 3r
Example 3. We find the solution to equation (8) for the following two operators X 1 ,X 3 from the basis (12). The invariants of the operators are {z, t,ū/r,v/r,w, q/r 2 }. The invariant solution is found in the following form
By inserting it into equation (8), we arrive at the factor system
From the third equation of the system (25) we find an implicit representation of the solution W = Φ(z − tW ) with an arbitrary function Φ(µ), µ = z − tW . The remaining equations of the system (25) define the functions
where R = R(W ) is an arbitrary function. The second equation follows from the third one. Assume that the function Φ(µ) = αµ + β is linear, α, β are constant. Then from (26) we see that
Here α > 0, also it is taken into consideration that the function Q depends only on t, therefore R = R 0 is constant. Thus, we have the exact solution (ū,v,w, q) of equations (8). The kinematic condition (22) in cylindrical coordinates in the given situation has the following form ∂η ∂t
The solution to that equation is the function
which describes the free surface of the fluid z = η(r, θ, t). The function F depends on two arguments and is arbitrary. The external pressure on a free surface is determined by formula (23): p a (r, θ, t) = q(r, t) − gη(r, θ, t) or
If α = 0 then W = β is constant. In this case the solution to equations W = β = const are the following functionsū
From the kinematic conditions (22) we find the function of the free surface η = βt + F (r, θ − V 0 t) with an arbitrary function F , and from (23) we determine the external pressure on the free surface
For the system of equations (25) we introduce the Lagrangian coordinates (z, t) → (ζ, t) in such a manner that dz dt = W (z, t), z | t=0 = ζ. (28) shows that the system of equations (25) has no other solutions besides (27).
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